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Abstract 

We analyze the proof of the Khalfin Theorem for neutral meson 
complex. The consequences of this Theorem are discussed: using this 
Theorem we find, eg., that diagonal matrix elements of the exact ef- 
fective Hamiltonian for the neutral meson complex can not be equal if 
CPT symmetry holds and CP symmetry is violated. The Properties 
of time evolution governed by a time-independent effective Hamilto- 
nian acting in the neutral mesons subspace of states are considered. 
By means of the Khalfin's Theorem we show that if such Hamiltonian 
is time-independent then the evolution operator for the total sys- 
tem containing neutral meson complex can not be a unitary operator. 
Within a given specific model we examine numerically the Khalfin's 
Theorem. We show for this model in a graphic form how the Khalfin's 
Theorem works. We also show for this model how the difference of 
the mentioned diagonal matrix elements of the effective Hamiltonian 
varies in time. 
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1 Introduction 



One of the most interesting two state (or two particle) subsystems is the 
neutral mesons complex. The standard method used for the description of the 
properties of such complexes is the Lee-Oehme -Yang (LOY) approximation 
[1] - [7j. The source of this approximation applied by LOY to the description 
and analysis of the decay of neutral kaons is the well known Weisskopf- 
Wigner (WW) theory of the decay processes [8J. Within this approach the 
solutions of the Schodinger equation 

z^M = //|^;f), |^;f = 0) = |VV, (1) 

(where H is the total selfadjoint Hamiltonian for the system containing neu- 
tral kaons and units h = c = 1 are used) describe time evolution of vectors 
\ilj]t) in the Hilbert space, of states I'i/'o) G 7^ of the total system 

under considerations and the Hamiltonian H for the problem is divided into 
two parts i?*^''-* and H^^^: 

H = + (2) 

such that \Kq) = |1) and li^o) = |2) are discrete eigenstates of H^^^ for the 
2-fold degenerate eigenvalue mo, 

H^"^\3) = mo|j), (j = l,2), (3) 
= e\e,J), 

(where (j|k) = 6jk and {e',L\e,N) = Sln S{e — e'), (e, J|k) = 0, j,k = 
1,2) and H^^^ induces the transitions from these states to other (unbound) 
eigenstates \e, J) of H^^^ (here J denotes such quantum numbers as charge, 
spin, etc.), and, consequently, also between \Kq) and \Kq). So, the problem 
which one usually considers is the time evolution of an initial state, which is 
a superposition of |1) and |2) states [Ij. 

In the kaon rest-frame, this time evolution for t > to = is governed by 
the Schrodinger equation ([1]), whose solutions have the following form 

\t,t) = ai(t)|l) + a^im) + J2 FA^-^ J)^ (4) 

J, e 

where 

\aAt)\' + Mt)\' + J2\FA^^t)\' = h (5) 

J, E 
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Fj{e;t = 0) = 0. (6) 

Here \Fj; t) = Fj{e] t)\e, J) represents the decay products in the channel 
J. 

Inserting (jl]) into the Schrodinger equation ([T]) leads to system of cou- 
pled equations for amplitudes ai(t), a2(t) and Fj{e;t). Adopting the WW 
approximations to these equations and solving them LOY obtained their 
approximate equations for ai(t),a2{t) [Hill [9]. This gives, e.g. that [1], 

^^ = h^^a^{t) + h^^a.{t), (7) 
where t ^ to = 0, and 

= Y.^fj{e) ^_l_^^ Ef^{e) = (j|S(x)|k), {j,k = 1,2). (9) 

J, e 

A similar equation can be obtained for 02 (t). 

Matrix elements ^ form (2 x 2) matrix Hlqy, 

Hloy = Mloy-'-Tloy, (10) 

(where Mlqy = ^loy^ ^loy = ^loy)^ acting in two-dimensional sub- 
space (let us denote it hj H\\) ofH spanned by vectors |1), |2), and hj^"^ = 
(j|i/z.oy|k), Mj^OY ^ (j|Mz.oy|k), Tfov = (jir^oylk). Thus the time evolu- 
tion in H\\ is described by solutions of the Schrodinger-like equation 

i^^\ij;t)\\ = HLOY\ij;t)\\, (t>to), (11) 

where \ip]t)\\ = ai(t)|l) + a2(t)|2) belongs to the subspace TC\\ C H. 

The eigenvectors, \Ks), \ Kl), for Hloy to the eigenvalues, /U5 = ms — |7s 
and = nT'L — have the following form 

1^5) = ^, ,^ \ . (ps \Ko) -qs \Ko)), (12) 

{\psr + iQsn^ 

and 

= ^, ,^ \ {PL \Ko) +qL \Ko)). (13) 



Now, if one assumes that the total system under considerations is CPT- 
invariant, 

[&,H]=0, (14) 
where G is an antiunitary operator: 

e = CVT, (15) 

and C is the charge conjugation operator, V — space inversion, and the 
antiunitary operator T represents the time reversal operation, one easily 
finds from ([8]) that in such a case the diagonal matrix elements of Hloy 
must be equal: 

One of consequences of the property f|T6l) is that in CPT invariant systems 
Ps = PL = P, qs = Ql = q in ([12]), ([I3D and 

^ ^ - - const. (17) 



p J hfr 
Thus, if the CPT symmetry holds then 



1^5) = \ ip \Ko) - q \Ko)), (18) 

+ \q\ )^ 



and 



\Kl) ^ ,^ \ {P \Ko) + q |Ko)), (19) 
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which causes that in this case 



{Ks\K,) ^ [{Ks\K,)r = ^^J^. (20) 

Within this approach there is 1 1 | 7^ 1 in CPT invariant system when CP 
is violated [TU]. This property and properties ([TB]) - (120]) are the standard 
result of the LOY approach and this is the picture which one meets in the 
literature [T] - [7]. The problem is that Khalfin shown that | 7^ const when 



CPT symmetry holds and CP does not [TT] - [18]. 

Note that if one describes the properties of neutral mesons and the time 
evolution of their state vectors using the LOY method then, in fact, one 
assumes that the selfadjoint Hamiltonians H, H^^^ and H^^^ acting in Ti. exist 
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and that the solutions of Schrodinger equation ([T]) describe the time evolution 
of states in Ti. There is no LOY method and no LOY approximation without 
these Hamiltonians and without the Schrodinger equation. 

This talk is based on the paper |19] . The aim of the talk is to confront the 
main predictions of the LOY theory such as f|T6|) . f|T7|) . fl20l) . etc., with predic- 
tions following from the rigorous treatment of two state quantum mechanical 
subsystems and from the properties of the exact effective Hamiltonian for 
such subsystems. Sec. 2 contains the proof of the Khalfin's Theorem. In 
Sec. 3 properties of the the time evolution governed by a time independent 
effective Hamiltonian acting in two-dimensional subspace and of the evolu- 
tion operator for this case are analyzed and confronted with the conclusions 
following from the Khalfin's Theorem. In Sec. 4 the properties of the ex- 
act effective Hamiltonian for two-state subsystems and consequences of the 
above mentioned Theorem are discussed. In Sec. 5 using a model of neutral 
kaon complex the results of calculations showing how the Khalfin's Theorem 
"works" are presented graphically. Section 6 contains final remarks. 



2 Khalfin's Theorem 

According to the general principles of quantum mechanics transitions of the 
system from a state \ipi) G 7i at time t = to the state \'ip2) G 7i at time 
t > 0, \'ipi) — * 1^2), are realized by the transition unitary unitary transition 
operator U (t) acting in H, such that 

u{h) uih) = u{h + h) = u{h) u{h). (21) 

From this condition and from the unitarity it follows that 

U{0)=I and [U{t)]-'^ = [U{t)]+ = U{-t), (22) 

where I is the unit operator in 7i. 

The probability to find the system in the state at time t if it was 
earlier at instant t = in the initial state \ifjk) is determined by the transition 
amplitude Ajki^t), 

A,k{t) = {^Pj\U{tMk), (23) 
where (j, A; = 1, 2). Using (|22I) and following [H] it is easy to find that 

[A,,{-t)r = ^i(t). (24) 
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So, defining the function [H] 



and taking into account tlie general property one finds that the function 
/2i(t) must satisfy the relation 

[/2i(-t)]*/2i(t) = 1. (26) 

Note that this last relation as well as the property are valid for any two 
states \i>i), \ip2) £ 'H. 

The Kalfin's Theorem concerns one of the basic properties of any two 
state subsystems and, in fact, it is not limited to only such subsystems as 
the neutral meson complexes. This Theorem states that [Ll\ - [18j 



Khalfin's Theorem 
If 

/2i(t) = p = const. (27) 

then there must be 

R=\p\ = 1. (28) 



Indeed, from fl26p it follows that if f2i{t) = p = const for every t > 
then [/2i(t')]* = C = const, for all t' < 0. Now, if the functions f2i{t) and 
[/2i(i')]* continuous at t = t' = then there must be 

R = \p\ = ICI = 1, 

which is the proof of the Khalfin's Theorem. 

The only problem in the above proof is to find conditions guaranteing the 
continuity of /2i(^) at t = 0. There are two possibilities. The first: vectors 
\ipi), |'02) are not orthogonal, 

{Hi^2)y^0. (29) 
and the second one: these vectors are orthogonal 

ii^jli^k) = (j,A; = l,2). (30) 
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The case fl29l) is simple. One can always write 



1^2) = 1^2)11 + |^2)±, (31) 

where 

(^11^2)11^0, and (^i|^2)± = 0, (32) 

In such a case from ([22]), ([23]) it follows that ylai (0) = ||(V^2|^i) = [(^^11^^2)11]* ^ 
and thus ^12(0) = [^21(0)]* ^ which yields 

,. . [(^ll^2)[[]* def 

hm /2i(t) = , , I , . — = pi, (33) 

where = 1, and 

hm [h,{t')r ^ 1. (34) 



These last two relations mean that in the considered case f[29]) functions 
/2i(^)|t>o as weU as [/2i(t')]*|t'<o are continuous at t = t' = 

Now let us concentrate the attention on the case f[30]) . This situation 
occurs in the case of the neutral meson complexes but also it can be met in 
other cases. In general vectors I'i/'i), |'02) need not describe the states of the 
neutral meson-antimeson pairs. 

In the case presently considered ( !30!) . from (122]) . (!23l) and (130!) one can 
see that ^21(0) = and ^12(0) = which by (125]) means that without some 
additional conditions the function /2i(t) need not be continuous at t = 0. 
Taking into account that quantum theory requires U {t) to have the form, 

U{t) = e"*^^, (35) 

(using units ^ = 1), where H is the total hermitian Hamiltonian of the 
system, (or, in the interaction picture 

Ui{t) =Te-'fo^'('')dr^ ^gg) 

where T denotes the usual time ordering operator and Hi{t) is the operator H 
in the interaction picture), one can easily verify that to assure the continuity 
of /2i(^) at t = it suffices that there exist such n > 1 that 

{HH'li^i) = 0, (0<A;<n), (37) 

(HH^'l^i) ^ and |(^2|^/"|V'i)l < 00. (38) 
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Assuming that this property holds and using the d'Hospital rule one finds 
that simply 

which means that f2i{t)\t>o is continuous at t = 0. Similarly, the continuity 
of [/2i(^')]*|i'<o at t' = is assured. 

One of aims of this paper is to consider the consequences of the Khalfin's 
Theorem for neutral meson complexes. In the case of neutral mesons ipi = 
Kq, Bq, Dq ... and -02 = Kq, Bq, Dq . . . . Thus in a general case the sub- 
space of states of neutral mesons, TC\\, is a two-dimensional subspace of H 
spanned by orthogonal vectors |'02)- For neutral meson complexes 

according to the experimental results the particle-antiparticle transitions 
lipi) ^ 1-02) exist, which means that there must exist n < oo such that 
the relation fl38p occurs. (It is known form experiments that the transitions 
\AS\ = 2 exist, so in this case n < 2). This means that in fact for the neu- 
tral meson complexes, where the transitions ^ 1-02) take place, only 
the assumption of unitarity of the exact transition operator U (t) assures the 
validity of the Khalfin's Theorem and no more assumptions (eg. of type that 
CPT symmetry holds in the total system under considerations) are required. 

3 Properties of time evolution governed by 
a time— independent Hamiltonian acting in 
two state subspace 

In this and subsequent Sections we will assume that the two-dimensional 
subspace H\\ of H is spanned by orthogonal vectors |'02), (I30|) . So let us 
assume that the evolution operator U\\{t) acting in this Tiy has the following 
form 

= e-^^^ll, (40) 

and that the operator H\\ is a non-hermitian time-independent (2 x 2) matrix 
acting in H\\, 

f^^O. (41) 
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where hjk = (V'jl-f^iil'i/'fc), (i, ^ = 1,2). It is obvious that the operator U\\{t) 
is the (2 X 2) matrix and 

Uii{h)Uii{t2) = U\\{t2)U\\{h) = U\\{h + t2), (42) 

and 

^^||(0) = I||, 

where ly is the unit matrix in 1-L\\. 

It is easy to verify that the operator U\\ {t) is the solution of the Schrodinger- 
like evolution equation for the subspace Hy, 

f^ll W = ^11 U\\{tm\\, f/||(0) = (43) 

where € Tiy. Note that this last equation is the equation of the same 
type as the evolution equation used within the Lee-Oehme-Yang theory to 
describe the time evolution in neutral mesons subspace of states. 

Using Pauli matrices a^., ay, Oz the matrix ify can be expressed as follows 

m 

Hii=hol\\+h ■ a, (44) 

where 

h ■ a = h^a^ + hyay + h^a^, 

^^=(l o)'^^=(z 7)'^^=(o -l)' 

and Hq = I (/ill + h22)- Within the use of the relation (jUj) the operator t/||(t) 
given by fHU]) can be rewritten in the following form 

[/|l(f) = e~^^^ll =uo{t)Iii + u(t) ■ a 

= e-'^^o m cos {th) - I sin {th)l (45) 

where 

Uo{t) = ^{Uu{t) + U22{t)) , 

u,, (^,|f/|,(t)|^fc), (j,fc = l,2), (46) 
u{t) ■ a = u^{t)a^ + Uy{t)ay + Uz{t)az, 
= h ■ h = hi + hi + hi 
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h 


(th), 




U2l{t) 


h 


(th), 




Uu{t) 


= e-'^^o [cos (th) - 




sin (th)] 


U22{t) 


= e~'^^o [cos (th) + 




sin (th)] 



Now taking into account that simply (see 

h ■ a = H\\ - /ioI||, (47) 

from ( HSil one finds 

(48) 
(49) 
(50) 
(51) 

lb 

wliere, = |(/iii - /i22)- 

Relations (gH]) and yield 

^ ^ r = const. (52) 

Another useful relation following from (I50p and (1511) is the following one 

■ h h 

Unit) - M22(t) = -2ie~^^^o ^ sin (th). (53) 

h 

So if one has any time-independent effective Hamiltonian H\\ acting in Tiy 

-J. TT 

and the evolution operator t/||(t) for Tiy has the form f/||(t) = e II then 

Unit) = U22{t) ^ hu = /l22. (54) 

This property is quite independent of relations of type (152!) . 

All the above properties, including (!52|) . (!54l) . are true for every time- 
independent effective Hamiltonian H\\ acting in two-dimensional subspace 
7^1 1 . In other words, they hold for the LOY effective Hamiltonian, Hlqy, as 
well as for every ^ Hloy- 

The conclusion following from Khalfin's Theorem, fl27|) . fl28|) and from 
f l52|) seems to be important. 
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Conclusion 1 

If \r\ 7^ 1 and the time-independent effective Hamiltonian H\\ is the exact 
effective Hamiltonian for the subspace 7i|| of states of neutral mesons, so that 



where j ^ k, {j,k = 1,2), r is defined by f l52l) and Ujk{t), Ajk{t) are given 
by fH6|) and fl23l) respectively, then the evolution operator U {t) for the total 
state space TC can not be a unitary one. 

Indeed, experimental results indicate that for the neutral kaon complex 
|r| 7^ 1 (see, e.g. [10]). So, this conclusion holds because from the Khalfin's 
Theorem it follows that if |r| 7^ 1 and matrix elements Ajk{t), {j,k = 1,2) 
are the matrix elements of the exact evolution operator U (t) then there must 
be |r| 7^ const. Thus if the relation (1551) is the true relation then there is only 
one possibility: The Khalfin's Theorem is not valid in this case. From the 
proof of this Theorem given in the previous Section and analysis of the case 
of neutral mesons performed there it follows that this Theorem holds if the 
evolution operator U{t) for the total state space Ti. of the system containing 
two state subsystem under considerations is a unitary operator. For the 
neutral mesons subsystem Khalfin's Theorem need not hold only if the total 
evolution operator U (t) is not a unitary operator. 

4 Symmetries CP, CPT and the exact evolu- 
tion operator and effective Hamiltonian for 
neutral mesons subsystem 

The exact (transition) evolution operator for the subspace Tfy can be found 
using the projection operator, P, defining this subspace, T-C\\ = PTC. Projec- 
tor P can be constructed by means of orthonormal vectors 1^2), 



The exact transition operator for TYy is given by the nonzero (2 x 2) submatrix, 
A(t), of the operator PU{t)P, where U{t) is the exact transition operator 



(55) 



(56) 
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(153]) for the total state space Ti of the system containing neutral mesons 
subsystem. So, 

AW - { ^;:!:! ) , (57) 



where Aj^it) = {iJjj\U{t)\i/jk), ij,k = 1,2), and A(0) = ly. Note that the 
matrix A(t) is not unitary. Within the use of this exact transition operator 
for the subspace T^y the exact effective Hamiltonian H\\ governing the time 
evolution in n\\ can be expressed as follows [2n[22l[23l[2il[25l[26] 

= //||(t) ^ z^[A{t)]-\ (58) 

Thus the exact evolution equation for the subspace Tiy has the Schrodinger- 
like form (l43ll . (fTTj) . with time-dependent effective Hamiltonian (l58ll . 

= i/||(t)|V^,t)||, (59) 

where, = ai(t) |^i) + a2(t) iV^s) = A(t) l^/^),, e T^y and = 

ailV'i + a2|^/'2) G '^^ii is the initial state of the system, || l-^)!! || = 1. 

It is easy to find from (l58l) the general formulae for the diagonal matrix 
elements, hjj, as well as for the off-diagonal matrix elements, hjk of the exact 
Hii{t). We have [25] 

- «^(-^-'=«-^-"<'))- («' 

and so on. Using (l60!l . (16T]) the difference (/in — /i22) = 2/12 playing an 
important role in relations (1351) . can be expressed as follows 

-■^'=")^='")|'"(li)}- <«^' 

Now let us analyze some consequences of the conservation or violation 
of CP-, CPT-symmetries in the total system under considerations. If we 
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assume that the system is CPT invariant, that is that fll4p holds, then one 
easily finds that for neutral meson complex, (that is for lipi) = \1),\iIj2) = 
|2)), [in [121 [la [161 [251 [271 

All(t) = A22(t). (63) 

The assumption (IMI) gives no relations between Ai2{t) and A2i{t). 
If the system under considerations is assumed to be CP invariant, 

[CV,H]=0, (64) 

then using the following, most general, phase convention 

CV\1) = e-'''\2), CV\2) = e+*"|l), (65) 

(instead of the standard one: CV\1) = — 12), CV\2) = — 11)) one easily finds 
that for the diagonal matrix elements of the matrix A(t) the relation fl63l) 
holds in this case also, and that there are, 

Ai2(t) = 6^-^21 (t), (66) 

for the off-diagonal matrix elements and 

Auit) = A22it), (67) 

for diagonal matrix elements. 

This means that if the CP symmetry is conserved in the system containing 
the subsystem of neutral mesons, then for every t > there must be 

I 4#T I = 1 = const. (68) 

On the other hand, when CP symmetry is violated, 

[CV,H]j^O, (69) 

then one can prove that in a such system the modulus of the ratio must 
be different from 1 for every t > , 

[CV^H] ^ ^ ^ 1, (Vt>0). (70) 
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The proof of this property is rigorous (see 

Let us examine the consequences of the assumption that CPT invari- 
ance of the total system under considerations has the same consequences 
for the properties of the matrix elements of the exact effective Hamiltonian 
for neutral meson subsystem and for the matrix elements of Hloy- Strictly 
speaking, let us analyze the implications of the assumptions that if the CPT 
symmetry holds then the property ([TBI) occurs in real system, i.e. that the di- 
agonal matrix elements of the effective Hamiltonian are equal. It means that 
we should verify under which conditions the property (/iii(t) — /i22(^)) = 
is admissible for the exact effective Hamiltonian for t > 0. So, starting from 
the expression (1^ . then using relations (jnSD, dSSD, dZOD and the Khalfin's 
Theorem (125]) the following conclusions can be drawn |26j : 

Conclusion 2 

If {hii{t) — h22{t)) = for t > then there must be 



or, 
b) 



AiiU) ^ , A2i(t) , ,^ , 

— — -— fi const., and — — -r- 7^ const., (for t > 0). 

^22(^) Ai2[t) 



The following interpretation of a) and b) follows from (|63|) . (|68|) . (1701) 
and from the Khalfin's Theorem (|28|) . Case a) means that CP-symmetry 
is conserved and there is no information about CPT invariance. Case b) 
denotes that the system under considerations is neither CP-invariant nor 
CPT-invariant . 

In our discussion the CPT Theorem [28j — [SlJ can not be neglected. 
The CPT Theorem is a fundamental theorem of axiomatic quantum field 
theory. It follows from locality, Lorentz invariance and unitarity. One should 
also take into account another fact that there is no an experimental evidence 
that CPT symmetry is violated [lOj. Therefore, the assumption that any 
quantum theory of elementary particles should be CPT invariant seems to 
be obvious. So, let us assume that CPT symmetry is the exact symmetry 
of the system under considerations, that is that the condition (|T^ holds. 
In such a case the relation (IB^ holds. The consequence of this is that the 
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expression fl62p becomes simpler and it is easy to prove that the following 
property must hold 



Taking into account the Khalfin's Theorem, ( l28il . and relations ( !63il . ( TfOl) 
one finds that the following property must hold in the case of the exact ef- 
fective Hamiltonian for neutral meson subsystem: 



Conclusion 3 

If [e, H]=0 and [CP, H] ^ 0, that is if Auit) = A22(t) and ^ 1 for 



t > 0, then there must be (/iii(t) - /i22(^)) 7^ for t > 0. 



So within the exact theory one can say that for real systems, the prop- 
erty (!54l) can not occur if CPT symmetry holds and CP is violated. This 
means that the relation (15^ can only be considered as an approximation. 
The question is if such an approximation is sufficiently accurate in order to 
refiect real properties of neutral meson complexes. One potential solution to 
this problem is suggested in the next Section, where model calculations are 
discussed. 



5 Model calculations 

In this Section we will discuss results of numerical calculations performed 
within the use of the program "Mathematica" for the model considered by 
Khalfin in [111 [12] , and by Nowakowski in [16] and then used in [321 [33] . 
This model is formulated using the spectral language for the description of 
KsjKl and K^, K , by introducing a hermitian Hamiltonian, iJ, with a 
continuous spectrum of decay products labeled by etc., 

H\(t)a{m)) = m |0a(m)), {(t)p{m')\4)c,{m)) = SafS^irn' - m). (72) 

Here H is the mentioned total Hamiltonian for the system mentioned in 
Sections 1, 2 and 4. H includes all interactions and has absolutely continuous 
spectrum. We have 

\Ks) = (im y'c5,„(m)|0a(m)), (73) 

^Spec (H) 
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and 



Kl)= dm Vc5,a(m)|0^(m)), (74) 

JSpec (H) p 

(75) 

^Spec (H) 



where j = 1,2. Thus, the exact Ajk{t) can be written as the Fourier transform 
of the density ujjkijn), (j, k = 1,2), 

/ + 00 
rfme-^'"*cu,fc(m), (76) 
-oo 

where 

ujjkim) = ^ c* ^ (m) Ck,a {m) . (77) 

a 

The minimal mathematical requirement for ujjk{m) is the following: 
dm\LOjk{'m)\ < oo. Other requirements for uOjk{m) are determined by 
basic physical properties of the system. The main property is that the energy 
(i.e. the spectrum of H) should be bounded from below, Spec(//) = [m^, oo) 
and vrig > — oo. 

Starting from densities Ujk{m) one can calculate Ajk{t). In order to find 
these densities from relation fl77|) one should know the expansion coefficients 
Cj,a(m). Using physical states \Ks), \Kl) and relations f|T2|) . f|T3l) they can 
be expressed in terms of the expansion coefficients C5,a(m), 05,0(7??.). Thus, 
assuming the form of coefficients cs^ainT^^cs^aifn) defining physical states of 
neutral kaons one can compute all Ajk{t), {j, k = 1,2). 

The model considered by Khalfin is based on the assumption that (see 
formula (35) in [12]). 

cs,/3[m) - ^ — — — — ^, 

( \- I ^lA^) aiA^L 13) , . 

where as^p and aL,f3 are the decay (transition) amplitudes and is{L)A''^) 
in general, some nonsingular "preparation functions". 
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The calculation performed in pTC] uses Khalfin's assumption made for 
simplicity in [12] that is{L),i3ijn) = 1, strictly speaking, an assumption is 
used that there is 
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= 0{m — m 
dcf 1 1 if m > m 



" , (80) 
U if m < m^, ^ 



in fl78|) . fl79l) . Within this assumption one obtains, for example, that 

Assit) = {Ks\e-'^^\Ks) = / dm ussim) e"^^"^, (81) 

J —oo 



where 

iossim) = 0{m~mg)- — , (82) 

(m — ms) + -J- 

S = J2\^sAKs^a)\\ (83) 

a 

and so on. 

For simplicity, it is assumed in [16] that nig = 0. So all integrals of 
type (181 p and 0761) are taken between the limits m = and m = +oo. In 
[16j all these assumptions made it possible to find analytically amplitudes of 
type Ajk{t) and to express them in terms of known special functions such 
as integral exponential functions and related. The same assumptions were 
used in [32] (see [32], relations (37) - (39) and (42) - (47)) and will be 
used in this paper. Note that putting 0(171 — rUg) = 1 in ([H2D leads to a 
strictly exponential form of amplitudes of type Ass{t) as functions of time 
t. On the other hand, keeping 0{m) in the assumed simplest physically 
admissible form (IHOl) results in the presence of additional nonoscillatory terms 
in amplitudes of type Ass{'t),'^LL(t) etc. and thus in amplitudes Ajk{t) as 
well (see [IHElli]). 

The results obtained within this model and presented below are obtained 
assuming that CPT symmetry holds (i.e. that relations fl63l) are valid in 
the model considered) but CP symmetry is violated and by inserting into 
f l79|) — fl82l) and related formulae the following values of the parameters 
characterizing neutral kaon complex: ms — m^ ~ niaverage = 497.648Mey, 
Am = 3.489 x IQ-^'^MeV, Tg = 0.8935 x lO-^^s, tl = 5.17 x lO'^s, 7^ = 
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1.3 X IQ-^^MeV, 75 = 7.4 x IQ-^^MeV [10]. This model together with the 
above data make it possible to examine numerically the Khalfin's Theorem 
as well as other relations and conclusions obtained using this Theorem (for 
details see [Ml |32l [33j). 

The results of numerical calculations of the modulus of the ratio for 

A2l(t) 

some time interval are presented below in Fig. [TJ 



IJO 



imiti In I iTif iTr 



£ 4 6 S 10 

Figure 1: Numerical examination of the Khalfin's Theorem. 
Here y{x) = \r{t) \ = \ ^2i|l |, x = ^ ■ t, and x G (0.01, 10). 



Analyzing the results of the calculations presented graphically in Fig. [T] 
one can find that for x G (0.01, 10), 



Umaxi^) y-mini^) — 3.3 X 10 



-16 



where 



\r{t)\r 



(84) 



(85) 



So from Fig. [T] and ( l85i) the conclusion follows that if one is able to mea- 



sure the modulus of the ratio 



Al2{t) 
A2l{t) 



only up to the accuracy 10 then one 
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sees this quantity as a constant function of time. The variations in time of 
I I become detectable for the experimenter only if the accuracy of his 
measurements is of order 10~^^ or better. 

Similarly, using " Mathematica" and starting from the amplitudes Ajk{t) 
and using the relation (!62|) and the condition (l63ll one can compute the dif- 
ference (/iii(t) — h22{t) for the model considered. Results of such calculations 
for some time interval are presented below in Fig. [21 [3l An expansion of 
scale in Fig. [2] shows that continuous fluctuations, similar to those in Fig. [3l 
appear. 



y 



-3- 



"5 



X 



■5 -10 



-17 



■1 • 10' 



-16 



-1.5-10 



-16 



Figure 2: Real part of {huit) — /i22(^)) 
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Figure 3: Imaginary part of (/iii(t) — /i22(i)) 



There is y{x) = 3? (/iii(t) - and y{x) = ^ {hii{t) - h22{t) in Figs El [3] 

respectively. In these Figures x = ^ ■ t, x & (0.01,5.0) and ^{z) and (z) 
denote the real and imaginary parts of z respectively and units on the 7/-axis 
are in [MeV]. 

One can compare the results presented in Figs. [2|, [3] with the result 
obtained analytically. Within the model considered the analytical formulae 
for the matrix elements hjk{t), {j,k = 1,2), were obtained in p2|. Inserting 
the experimental values of tl, fi^, ^s, etc., mentioned above it is found in ^32] 
for t = tl that 



and 



3? {hii{t ~ Tl) - /i22(t ~ tl)) ~ -4.771 x IQ-^^MeV 
Q {hn{t ~ Tl) - h22{t ~ tl)) ~ 7.283 x lO^^^MeV 

|3? {hii{t ~ tl) - h22{t ~ tl))\ _ rriKO - m^o 



(86) 
(87) 

(88) 

'^average ^^average 

There is a visible difference between the results presented in Figs. [2], [3] 
and in (186!) — (l88l) . It may be attributed to finite accuracy of numerical 



10" 
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rrir, 
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calculations performed by Mathematica. No approximations have been used 
in the analytical calculations. 

6 Final remarks 

Let us analyze consequences of the results contained in Sec. 2-5 for the stan- 
dard picture of CP violation or possible CPT violation effects in the neutral 
meson complex. The attention will be focused on the neutral kaon complex 
as the best studied subsystem of neutral mesons. The form of parameters 
usually used to describe the scale of CP- and CPT-violation effects depends 
on the phase used in relations fl65l) defining the action of CV operator on 
the states of neutral K mesons. So, in order to define these parameters it is 
convenient to choose a phase convention for this operator. For simplicity the 
following phase convention for neutral kaons is commonly used 



instead of the general one (165|) . Within this phase convention one finds that 
vectors 





(89) 




(90) 



are normalized, orthogonal 



{Kj\Kk) = Sjk, 
eigenvectors of CV transformation (!89l) . 



(91) 




where 



hi2 - hi + 



h21 - + jJ-L 
h21 + h22 - fJ-L 
h21 + h22 - fJ-s 
h21 - h22 + fiS 



(94) 



£i = 



hi2 + hii - hl 
hi2 + hn - fis 
hi2 - hu + /i5 



e 



s 



(95) 
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The form 0931) of \Ki) and \Ks) is used in many papers in which possible 
departures from CP- or CPT-symmetry in the system considered are dis- 
cussed. Within the standard approach the following parameters are used to 
describe the scale of CP- and possible CPT - violation effects [3l [3ll [35] : 

def 1 . , X hi2 — /i21 /„„s 

e=i^{es + ei) = , (96) 

^ dcf 1 . X hii — /l22 . . 

5= 2(^.-^/)-^^-^, (97) 

where 

D = hu + hi + Afi, (98) 

and A/i = fis ~ I^l- According to the standard interpretation following from 
the LOY approximation, e describes violations of CP-symmetry and 6 is con- 
sidered as a CPT-violating parameter [3l [311 [25]. Such an interpretation of 
these parameters follows from the properties of LOY theory of time evolution 
in the subspace of neutral kaons [2] — [6] , [27] , [Ml [35] . 

The relation ([93ll leads to the following formula for the product {Ks\Kl), 

{Ks\KL)=N{e: + ei), (99) 

where = A^* = [(1 + |5sp)(l + leip)]^"*^/^. By means of the parameters 5 
and e the product ([991) can be expressed as follows 



{Ks\Kl) =2N{^e -i'^S). (100) 

There is 

2(/is — A^/) 

in the case of |£:s| ^1 and le^l <^ 1 (see, eg. [10], pp. 623 - 644). Here (f}sw 
is the superweak phase, tan (f)sw = and 

X ^ Til - 122 /-i^^x 

= 7 / (102) 
^(m, -m/)2 + -(7, -7;)2 

r 1 ^ (/ill - h22) 

d± = - =, (103) 

^(m, -m/)2 + -(7, -7;)2 
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are the real parameters. Thus 

3=5 = 5|l sin (t)sw + cos (j)sw- (104) 

The consequence of fll6p is that in CPT invariant but CP noninvariant 
system 5\\ = 5^*^^ = and S± = 5^^^ = which leads to the standard 
result QS^"-^^ = (here J^*^^ denotes the parameter S, fllOip . calculated for 
H\\ = Hloy)- From this property and fllOOp the conclusion that the product 
{Ks\Kl) must be real is drawn in the literature. This conclusion is considered 
as the standard result. Note that in the light of the main result of Sec. 4, 
Conclusion 3 and from the results of the model calculations presented in Sec. 
5 (see Fig [2] and Fig [3D, such a conclusion seems to be wrong in the case of the 
exact effective Hamiltonian H\\, that is, in the case of the exact theory. From 
Conclusion 3 and Figs[2l [3]one infers that there must be 6± ^ 0, and 5|| ^ 
in the case of CPT invariant but CP noninvariant system and therefore there 
must be 53 5 7^ (see fll04p ) in such a system. This means that the right hand 
side of the relation fllOOp is a complex number and therefore in the case of 
conserved CPT- and violated CP-symetries, in contrast with the standard 
result, there must be {Ks\Kj}i ^ {Ks\Kl)* in the real systems. 

Note that the property {Ks\Kl) = {Ks\Kl)* play an important role 
when one applies the Bell-Steinberger unitarity relations [2S] for designing or 
interpreting tests with neutral mesons. So in the light of the above discussion 
results obtained in such a way should not be considered as a conclusive 
evidence, especially when subtle effects, such as the possible CPT violations, 
are studied. 

From the Conclusion 3 from Sec. 4 and from the results of the model 
calculations presented in Sec. 5 it also follows that the parameter 5 should 
not be considered as the parameter measuring the scale of possible CPT 
violation effects: In the more accurate approach [3^ and in the exact theory 
one obtains 5 7^ for every system with violated CP symmetry and this 
property occurs quite independently of whether this system is CPT invariant 
or not. What is more, from the Conclusion 3 one finds that if CP symmetry 
is violated and CPT symmetry holds then there must be £1 7^ Sg (see ( 1970 ) 
contrary to the standard predictions of the LOY theory. These conclusions 
are in full agreement with the results obtained in [38] within the quantum 
field theory analysis of binary systems such as the neutral meson complexes. 

It seems that the results following from the Khalfin's Theorem and dis- 
cussed in Sec. 3-5 have a particular meaning for such attempts to test 
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Quantum Mechanics and CPT invariance in the neutral kaon complex as 
those described in [211 SO] and recently in [IT] . Simply the expected mag- 
nitude of the possible effects analyzed in these papers is very close to the 
results presented in Sec. 5 and obtained within the more accurate treatment 
of the neutral kaon subsystem. Generally, in the light of the results discussed 
in Sec. 2-5, the interpretation of tests of such tiny effects as the possible 
CPT violation effects and a similar one based on the LOY approximation 
should not be considered as conclusive. 
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